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Abstract

Applications of the PS1 function y (x) and the Dirichlet L-function to the

f In In tan xdx = Z—y/(l) +L'(D)
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1. Introduction

To solve the integral E In In tan xdx

is very difficult and obscure. So I decided to study the integral in some depth

it turns out that this PS1 Function and L-function to prove.

2.We will show that
[} InIn tanxdx = g—F(S)L(S) Is=1
N Y :

Invoking the well-known formulas
ra=1

)=~y

where y is Euler’s constant,

y =—-w()=-0.577215664 ......

Equation(1) becomes
[ Inlntanxdx = %://(1) +L()

So the proof of equation (3) will consist of three parts:
a) to find w(1)

b) establishing (1) by expressing L'(1), (1)

¢) the Dirichlet L-function

3. Proof of equation (2), the PS1 functiondilnl“(x), our
X

starting point is the reciprocal of Weierstrass’s formula for
I'(x) whichis

X
n

e

I'(x)= le_“ ;z)'
X n=1 1 X

n
Where y is Euler’s constant, Taking logarithms gives
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o oJn
In['(x)=-Ilnx—yx+In i
P
n
=—Inx-yx- Z[ln(1+—)-——] 5)

n=l

The series on the right above equation is uniformly convergent, permitting term

by term differentiation

@ re_ 1 ¢
@ =y =g v="7 Z (x+n)

For x=1, the series in (6) has the value 1.

So that t//(l)_—l—r+z (1 )=—y=—0.5772156649---
+n

4.Proof of equation (1). We begin with a general Dirichlet series
— f(n
n=l1 n
Which f(rn) is of polynomial growth, will converge absolutely
in a half-plane Re(s)>C.

T'(s) = j;” etV dt = f e™™ (nu)*™ d(nu)
= n.\' Ee—nuux-ldu

) _ J:e'"'t"‘dt

ns

Hence, by absolute convergence, one gets that for Re(s)>C

T(s)L(s)=T(s )z f(n) nSf et s_ldtz frfn)
= if(n)fe‘"’ts“dt

= [ ey
n=1

(6)

()

®

)

(10)

(11)
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Nowlet z=e™,z" =™ ln— dt——gz— to (11)
z

We have
[(s)L(s) = L(Zf(roz" )(In )

Now let us add the restriction that f(n) be a periodic function. So there is a
positive integer q such that f(n+q) = f(n) for all n and assume that f(q) = 0. ‘

With these assumptions we have that for |z|<1
o g-|

> Sz 3 S fmg+ mze

n=l1 m=0 n=1

s-1 dZ (12)

_ Ef(n)z _8zf) (13)
1-2z9 1-2z¢
where g(z, f)= qz—if(n)z" (14)
(14) to (12) we have
1.,
g(z, f)(In—)""
Ls)T(s) = [ A (15)
1-z¢ z
Differentiating equation (14) by Leibniz’s rule gives
2 1606) = [ EEDnly ininch £ | (16)
Form (16) we have
LOF6)+ LT = [E2L ey min) £ an
Now if L(s) converges absolutely at s = 1 to (17). This will yield
LOMW+LOFD = [g HinlnC)E (18)

To Prove (3) we let q = 4 and pick f(n) to be quadratic character (mode 4) that is

0 if n=0 (mod4)

_j1I if n=1 (mod4)
%=1 if n=2 (modd)
1 if n=3 (mod4)
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X, is call the quadratic character (mod 4) because (n,4) = 1
_ 1 if3x,s, t,x* =n(mod4)
X,(n) = {—1 otherwise
While x,(n)=0 if (n,q)>1
So we have
q=4, q(z,x)=z-2" to(18)
and equation (18) becomes
l(z - 23)lnlnl

2ds

Ly-rLQ) = |

o 1-z* z
1 1, dz
= | Inln(— 19
'[0 (z)1+22 (19)
Now let l=tanx,cotx=z,dz=--csc2 xdx to (19)
z
We have
z _ 2
E@—nm:ﬁmmmmlﬁigﬁ
3 I+cot”x
= ﬁ In In tan xdx (20)
1 1 1 T
S5.L(D)=1-=+=—=+-=— 21
M 3 57 4 @)
Proof: by Taylor’s theorem
3 5 7
tan ' x =x—— 4+ X 4. 22)
3 5 7
We let x =1 to (22)
We have
tan"1=1—l+l—l+--~ 23)
3 57
So that
1 1 1 T
LD=1-——+———+-=— 24
h=1-3 5 7. 4 (24)

Form (7), (24) then (20) become
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flnlnmnxdx=§ydD+LKD

This concludes the proof of equation (3)
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[ InIn tan xdx = %t//(l) +L'(D)
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