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T-S Fuzzy Modeling and Control for Electric
Vehicle Propulsion Using Linear Matrix

Inequality

Cheng-Da Hsieh

Abstract

This paper presents a fuzzy control design approach which can meet the speed tracking
requirement when electric vehicles are operated on various traffic conditions. A T-S fuzzy
model for approximating the state equation of an electric vehicle propulsion system with
high energy efficiency-based ac motor drive is first proposed, and a robust fuzzy control
based on the T-S fuzzy model is then considered. The robust stabilization for the EV(electric
vehicle) propulsion system is cast into a linear matrix inequality (LMI) problem via roust
performance analysis, and the LMI problem can be solved efficiently by using the convex
optimization techniques. Computer simulations are presented for illustrating the performance

of the suggested control strategy.
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1. Introduction

One dominant issue of EV design is to
lengthen the running distance on one
battery charge. This implies the importance
of a high-efficiency motor drive. As
enhanced insulated gate bipolar transistors
(IGBT'"s) are used in the PWM inverter, the
loss of the inverter is negligible. Mutoh et
al. [1] proposes an energy saving strategy
for induction motors. The rotor and stator
copper losses and the core loss are
minimized, and the optimal ratio of
magnetizing current to the torque current is
derived.

The stability and robustness problem
of the EV propulsion control systems is
also an important topic. Variable structure
control using a proper switching law can
drive the system into the predetermined
sliding mode, and according to the sliding
mode, the system can approach to its
equilibrium. Thus, the sliding mode control
approach can offer many good properties,
such as insensitivity to parameters
variation, external disturbance rejection,

and fast dynamic response [2]. One more

interesting design method of stabilization
strategy for complex nonlinear systems can
be as follows: first build a T-S fuzzy model
for approximating the nonlinear plant, and
a fuzzy model-based controller is then
synthesized utilizing the concept of
"parallel distributed compensation". Local
linear feedback controls can be designed
systematically by a generalized Lyapunov
function and some linear matrix
inequalities, and the closed-loop fuzzy
control system composed of the fuzzy
model and the PDC controller is globally
asymptotically stable [3,11].

In this paper, based on the optimal
relationship of the magnetizing current and
the torque current found by the energy-
saving control principle [1], the dynamics
model and a T-S fuzzy model for EV
propulsion systems with 3-phase AC
induction motor (IM) are first constructed.
Then, the parallel distributed compensation
(PDC) approach [3] is adopted for
synthesizing a robust speed tracking control

for EV propulsion systems. Through the

robust performance analysis for disturbance
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rejection the control problem is translated
into a linear matrix inequality problem. By
considering it as a generalized eigenvalue
minimization problem (GEMP), the
required common Lyapunov matrix and the
local feedback gain matrices can be
decided. The derived LMI-based control
law can guarantee the stability and
robustness of an EV propulsion system
when it is driven from standstill to stable
cruise under various uncertainties.

The paper is organized as follows:
Section 2 presents the dynamics model of
an energy-saving EV propulsion system. In
Section 3, a T-S fuzzy model for the EV
propulsion system is proposed, and a LMI-
based robust speed control design using the
derived T-S fuzzy model is suggested.
Some representative simulation results are
shown in Section 4. Finally, conclusions are

made in Section 5.

2. Modeling of an Electric Vehicle
Propulsion System

Consider the power train for an EV

shown in Fig.1, where an ac induction
motor is used for generating the driving
torque. The dynamics model for the load
part consisting of reduction gears and a
differential gear for driving the rear wheels
of an EV will be derived by the first
principles. The ac induction motor is
assumed with the energy saving driving
strategy proposed by [1], and the complete
mathematical model for the power train
will be constructed.

The angular displacements of the
motor, the rear shaft and the rotor of the
rear wheels are defined as 6,,, 6, and 0,,
respectively, as shown in Fig. 1. Let the

transmission ratio of the reduction gear

rI
] y il I

i : *'l"?l W, T
.-I| ) -|I.- - ' T i,
ok ' B
Fig 1 Schemaiic ol the power Drain o
ENCEIN = sochusctinon gear + difforential gear

be N,=0,/6,, and the reduction ratio for the

differential gears be Ny4=0,/8,. Then the
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load torque (7)) equation can be derived

below.

Wi

Fig- I Force dugram in the loagibsdinal direction of

an E%.

Refer to Fig. 2, the equivalent
propulsion force F)p generated by the EV
drive system and the equation of motion of

the vehicle can be expressed as :

'r..-r * 'r.h:' e For = 'r' - :I':..u-

L]

where T, is the driving torque on the rear
wheel shaft (as shown in Fig. 1), and r is
the wheel radius. The inertia resistance f,

can be derived as:

av S atew av S el | d |
m . = Y - 4

far B 5
. o Foalr 7] f at \ = lal¥

where v is the velocity of the vehicle, J,, =

Jor+ o (J,; and J,,, are respectively the
moments of inertia of the front and rear
wheel shaft systems) is the total moment of
inertia of the rotation parts, and m = my
+m; +m, is the total mass, here my, m;, and
m, are respectively the mass of the vehicle
body, the front and rear wheel shaft
systems.

The aerodynamic drag is given as:

Fop = 0LSG0 Alv+ K ) sgnlv + Fy) i3

where & is the air density, C,, is the
aerodynamic drag coefficient, A is the
vehicle frontal area, V,, is the head-wind
velocity, v+V, is the velocity of the vehicle
relative to the head-wind, and sgn is the

sign function. The grade resistance is

F oty = M SIF (F, =)

where a, is the grade angle, o, is positive
for the upgrade case and negative for the
downgrade case. The rolling resistance f,,
composed of the front and rear parts ( f,;

andf,,, ) can be expressed as:
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frr = Kmg sgn v (5) Vin ™ Falge * PAG w0y G, (9)
PI r11:|.: |_|':I.I'L:;:I .m,r..f'.':"I {103
] '- . .
where K =1].{IH[I +1.",.I5EH:I} is the tire 0 i + paZ o fang =, 1] (n
rolling resistance coefficient [6,7], and is ¥ pr i
Flg + PAy =y =, A {12
the gravity constant. By Eq. (1), we can
7o P b i 13
obtain £ 53 _J.;":‘*-"'"‘-" ~ el ) (13
_ where
| I Yty :
T .-II -y i_.u;i +OSC Ay = Fy | sy + 'iull
2 \ A il rf i
IFMﬂhmu.*ﬁsmﬂ4 J Z a7 + L i +1T) (14)
(6 A = L0 # Lalif +1%) {15}
. . =t L2 g 'y
Since (refer to Fig. 1) A = Lyl + Ll +15) (16)
Ao = Lyily + Lyliy +15) (7
r & 1 T & | P

I, & Ng Tl-ﬂ'.m Ny

we have
T Yi.a If.n B&)
m— Ll 4T | | Sl
Al .t;;.l
v S [ | 5
gy e+, |U“_ SEA b b+ 1
| 5 (NAF r [N
i [
# l’I: = Pl ML (s & by )
(L
o AT e 4 W)+ T (K sy +-sin, )
'~I|"~|I' 2L

]

here p=d/dt ; 1;'1

and v are the stator's
input voltage components along the g- and
d- axes of the rotor flux frame,
respectively; ,r'.;", and a-'.::, are the stator's
flux linkage components along the ¢- and
d- axes of the rf frame, respectively; rg and
ry are the resistances of the stator and rotor,
respectively; wypf is the rotating velocity of
the rf frame; wjy is the rotating velocity of

the rotor; i% and i are the rotor's current

i

components along the g- and d- axes of the
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rf frame, respectively; e':;.r. ned -':: are
the rotor's flux linkage components along
the g- and d- axes of the rf frame,
respectively; Te is the electromagnetic
torque of the motor; P is the number of
poles; Ly, is the magnetization inductance;
Ly is the rotor's inductance; and Ljg and Ljy
are the leakage inductances of the stator
and rotor, respectively.

By the principle of field orientation
and letting the d- axis be entirely aligned
with the rotor flux, we have, ,-:I" =iy and

B

the torque equation can be simplified as
Pl i ¥
=== (18}

In order to generate the motor torque
with maximum efficiency, the total loss Pj
in the drive system must be a minimum.
The total loss Pj generated in the drive
system of an electric vehicle can be

summarized as follows [1]:

Iy =y o+ Py o+ Pype = Pepg {19

where

ML R A R A B
T

|nlba + T |

()

-

L

here ryy, is the core loss resistance, PSTR is
the stray load loss, PyMEC is the
mechanical loss, and PjyvV is the inverter
loss. Only the losses Pjj and PNV can be
controlled in the ac drive design. The loss
PNV is very small in comparison with the
loss PjJ, as long as enhanced insulated gate
bipolar transistors (IGBTs) are used in the
PWM inverter. In this case, the efficiency
of the inverter is generally more than 95%.
Thus, the PNy loss can be neglected.

Since 47, =i}, by Eqs. (12) and (17),

we have

W T
o | -h'.‘.“.l_

r.oan

F

“m FT

A (21}

Usually, the response of Fjj: is much
slower than those of {7 and i . thus i

almost equals zero. Hence P can be
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simplified as

R [P I 4 g e .4 2%
e , J;n. f (13)

Substituting (16) into (18), we have

o

ML .
To=== f'w....-jrf W= Krlhid (24)
- 7.7
where Ay =2= G is the motor torque
224
constant.

Let o be the ratio of the magnetizing

current to the torque current, i.e.,

o m - [25)

T i
== da+— {26
' L hg [ 3
{=r #rg . B=r +r,

The optimal ratio s that makes the

aun

loss Pj a minimum can be derived by

letting o} (dler = 0 :

s +F
Tmin 22 (27}
lI| Fy * M
Substituting
i il
1}, =Ominly, (28]

into the motor torque equation, we have

. g 3
i ""."'!"mlnl"-_hl i JiFy

The dynamics model for the EV propulsion
system shown in Fig. 1 can thus be derived

as:
+ T =T, (30}

where wyy,; is the angular velocity of the
motor rotor in rad/s, Jj is the moment of
inertia of the motor shaft including the
reduction gear in this side. By substituting
(8) into (30), we have the complete

dynamics model as follows:
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e = i)
i 7
L "II :'LII
5T Ar
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LAaVy ]
o Ar®
o s L {rhagnd v 4
- 1] II
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g
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3. Fuzzy Model-Based Control
Design of Electric Vehicle
Propulsion System

The LMI techniques will be applied to
the stability analysis of an electric vehicle
propulsion control system. Defining the

state variables as: ¥ =#y.x; =#,. Eq. (1]

can be rewritten as:

i o= = s
s
che. 5 :
Sy spnd v+ Vg b
. 158 I

37

iy =l = -

=g AF ey sgnd v + Fy b (32)
i

o0,

Fa e bsgml v o+ Fyd

t' I
rrwl!.:n il v 4 i er, J+ —,
1 1

where

T"""-n"lj:rrrl = mlllhrl:r :r

Ay = _;I ..l':__f!_r "r'“

"|" NNy

F e,
i . O m LSS
| .‘|',-."-I|. i i

ag and V, are considered as with
uncertainty. After some manipulations, (32)

can be rewritten as

X= Alxhx s Bus D py (33}

where x = [.r, .r:f. = [.I.'| iy ]ris the state

vector; H [-‘;: r is the input
variable; als)=|g o | #e, g 1 8e|F

with « *: O Congrw o Bgh= 00313010 "|-_.-|'.'l:--} el
and & ;I 0014 g pgm v, and and py

including all the other terms is considered
as uncertainty. Without loss of generality,
we consider the major operating case of
sng(v+Vp)=1 and sng v=1

Since B is only a constant matrix, the
derivation of a T-S fuzzy model and then
the control design and finding of the
solution of LMIs become much less
difficult than the approaches directly based

on the original complex model.
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Assume ¥z '=[=’".nin~f"*.nm] for the
nonlinear terms in Eq. (33). Defining z=X?,
the maximal and minimal values of z can

be deduced and expressed as below:

marzf i = e, Mz = g
Ta Nt

Choose z as the antecedent variable of the
T-S fuzzy model, we can define two fuzzy
sets with membership functions shown in
Fig. 3 in the universe of discourse of z.
Then a T-S fuzzy model can be constructed

analytically as follows:

Model Rule I
IF # 13 L
THEN i=Ag+Br+D+p,, i=l2 {34}

where €' = M|,C* = Ma;
[y I ] L I
r\| 1
LI 1 . | “ ki, |

The overall equation of the T-S fuzzy

model can be inferred as

i EI'IL'L'I_!':rF-“H-nlp" (35§
ful

wil=]

E"L‘P
fal

(34}

wizh= (), =42

here CI (z) is the grade of membership of z
in fuzzy set Ci. By the membership

function definitions shown in Fig. 3, we

have
Azl i=1.2
2 (37
Fhizi=1
i
T W,
|
ii )
o oy

Fig. 3 Defimition of two membership

For arbitrary trajectory tracking
control, first define the tracking error

vector as
E=X—X; i{38)
where x, =[x, .r,,.:]r = [IJ:,. r--.l,,.]r is the

desired trajectory vector. Notice that

fhyir) and etdf) are the desired angular
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displacement and velocity trajectories of
the rotor about its rotating axis,
respectively. Differentiating Eq. (38), we
have

TEeE A (39}
Substituting (39) into the model rules (34),
we can obtain the T-S fuzzy model for the

error dynamics as follows:

Error Rule j :
7 =
Ihem
e AhgeBesDop, » Ax;=xy =12 (4

The output of the error T-S fuzzy model

can be defuzzified as:
g Y hiziAaer A e Bre+Dep, =%, (41)

In this study, the PDC(Parallel Distributed
Compensation )[3,11]with control rules
constructed based on the T-S fuzzy model
rules is adopted for the fuzzy control
design. Each control rule has a linear state
feedback part and a feedforward part to
compensate for the effect of gravity, that is,

Control Rule j ;

i Ke-B"An, - 8 (D=1, i=12 [(41)

where B =[0BI(8,8] '] So the design
objective is to determine the local feedback
gains K; in the consequent parts of the
control rules via LMI.

The output of the PDC controller can be

inferred as:

w=-EhiZIKe- B Eh(Za, -8 (D-1%,)
| i

(43}
By substituting (43) into (41), and since B
is a constant matrix in the T-S fuzzy model
and :‘.‘ &)y =1, the error dynamics for
the whole closed-loop system can be

derived as
é=NhizHA, —BK e+p, (44}
r=l

For the consideration of robustness
with respect to the disturbance Py , the
following robust performance requirement

[4] for the tracking error is to be met:
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pgak
{“"‘" < g (4%)
fi popr

where €} = @f*ar =10 , and is a symmetric
positive definite matrix. Equation (45)
means that the effect of Py, on the error
must be attenuated below a prescribed level
p. To synthesize the fuzzy controller that
can reject the external disturbances of an
electric vehicle propulsion control system,
we can select a positive definite function as

follows:
E | ¥ I
Fiel = g Pe| i &)

The requirement (45) for a prescribed
p>0 can be shown to be equivalent to the

following condition:
Viae Pe-p'BTR <0 (47}

By integrating (47) from O to #f with initial

condition e (0)=0,we have

V[ e Pe- o PTRAI <0 {48)

Thus,

[ e’ Pe— p? BT Pyl < ¥ 50 (40}

Equation (49) implies (45). Therefore
if (47) holds, the robust performance
requirement can be guaranteed under Py, .

The LMI constraints can be derived

from (47). First, rewrite (47) as
e Pese’ Pedvad Pe-p? PP 50 {50)
and substituting (44) into (50),we have

i-”":""r N, BE )P+ POA, - B+

P;I Py 4 q.'r I'Pp ¥ ’ﬂ-'r e .f!'.-p:- P.5l

{51
That is,
Faied * (A, BRI Ps P -BR jeal P
P 21 |
L]
c il
o
{52)

Therefore, if the following constraints are

satisfied:

(A, =BE ) PeA -BE ) -alf =P

(53]
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then Equation(52) holds. Employing the

Schur complements for nonstrict

inequalities [5],(53) becomes

(A, =BE Y P=PiA, = BE )= aP L PPz,

Ll
I %

[5:4)

Conditions (54) can be solved by
considering it as a generalized eigenvalue
minimization problem (GEMP), that is, to
maximize «a subject to the following
constraints:

I.F =0

(A, - BE P e PLA, - BE b -

e

[

=2

(55}

Because the second inequalities in
(55) are not jointly convex in P and Kj , it
is difficult to find a common solution P and
K; . Fortunately, the inequalities can be
transferred into matrix inequalities by
variable transformation.

Defining new variable X=P', and
multiplying the inequalities on the left and

right by X, we can obtain

YiA, - BE)T PX + XPIA, - BE,)X +

| XPPY < —akPY. | =12
frh

Equation (56) can be rewritten as

J . 1
XA, A X =(BAG) =BM, ¢+ — S -aX, =2
o

(3T
where M; = K;X. That is, the PDC control
design problem can be transformed to the
problem of maximizing o subject to the
following linear matrix inequality

constraints:

1
XA] + AN —{BM,) -BM, +— < -aX, i=12

i
[5%)
If there exists a common X and M; 's

satisfying the above LMI constraints, then

the common P and Kj can be obtained as

P=i anel Ki=M/ i=12

(3%

There exist methods in the literature for

solving the LMI problems, such as interior
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point algorithm [5]. The MATLAB
software package has incorporated this
algorithm into the solver of LMI control
toolbox. In this study, the instruction gevp
is used to solve the above GEVP problem.
Based on the proper choice of suitable o, P
and the feedback gains Kj,i=1,2, can thus
be determined, and the design of the

control law (43) is accomplished.

4. Simulation Results
In this section computer simulations
are used to illustrate the performance of the
proposed T-S fuzzy model-based control
strategy for an electric vehicle which is
operated on various traffic conditions. The
nominal values of the parameters used in
the simulations are chosen as:
(1) Induction motor (60Kw, 2430rpm,
250N-m) and transmission with the

following parameters:

R, = bl Amdl. K. = 3.017Tmdl. B, = |6 1mLk,

L, = 00S05mH , £, = 002856mH , L = 1mH,

Jy=lKg-m",Jy = LIKgm~ S = 0 =

=

1419Kg -m”,

(2) Road and load with following

parameters:

A= iSm®, O, =035, & =12258N.5" ' m*,

r = {h445m, m = 325Kg ; arx

=2 1553=107",

I'he operating rangs for &= {2} % set @
e, = -0 8% lisge |, oAk = 376

il me

The desired speed 1rjectony command, is selected

s | 12]
1% du !
0—-—4— — i
ty r L |
(1 ]
e
e E]
i [r)
(24 =ry 1824 =r) |2d=ufr
e ([ = = R T fiFy
Iy Ty s
d=r<3d

where wf =209.44 rad/sec is the desired
maximum angular speed in 10<t<14sec,

and if= 10 sec.
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Two traffic conditions are considered.

Traffic condition (I) is selected as:

i L AR ]
Ayl Hepr=l0
byl =3 [
2 lG<i <19
4 | e |
7| Jilh ZzrsH
E L] R0
=il d=rfa/1 80 (LIl
- 15180 |Gy =19
L = | &1 BRI i< 21

Teaffic comdition (111 s selected ns:

] A
[ @10 r) bR e [
Figlr) =411 [{LE i ]
12 | r |9
= 19<r=2
| 260 2oLl
125 18I BEar<10
e oy =4 (14 =) fik0 <=l
| = A= 150 [ A
|l =184 TR0 9=p<sd

Using the usual LMI method, the
feedback gain matrices K;,i= 1,2, and the
common positive definite matrix P can be
obtained as follows:

K, =10"x[3.4372,2.0517],
K, =107 x[3.4399.2.053],
_ 7059 02860

LT I_I_I':'II:-:JI .Simulation results

P

for the case with EV operated on traffic

condition (I) are shown in Fig. 5. From Fig.

5(a), we know that the EV speed response
can track the command trajectory. The
tracking error shown in Fig. 5(b) is within
~70915=107 and 7.0355x 107" radisec.
The corresponding required motor control
torque is shown in Fig. 5(c). The control

torque (T, = 3183194 ®M-m § is smaller

o
than the maximum torque of the induction
motor.

Simulation results for the case with
EV operated on traffic condition (II) are
shown in Fig. 6. From Fig. 6(a), we know
that the EV speed can also follow the
command trajectory. The tracking error
shown in Fig. 7(b) is within -0.0023 and
0.0016 rad/sec. The corresponding required
motor control torque is shown in Fig. 6(c).
The control torque (T, = 3RS N-m)
is smaller than the maximum torque of the
induction motor.

From the simulation results for this
case with EV operated on the more traffic
condition, we know that the speed tracking
error with the LMI method is small and

from Fig. 5(c), we know that control torque
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with the LMI method is smooth. Thus,
when p is selected as small as possible, and
the common P and the feedback gains
N i=12. are found with a bigger a, So
the LMI method has excellent capability to

reject disturbances and high robustness

with respect to uncertainty.

5. Conclusions

In this paper, the dynamics model and
a T-S fuzzy model for EV propulsion
systems with a 3-phase ac induction motor
are constructed. A procedure for
systematically constructing a simple T-S
fuzzy model with very small number of
rules that can exactly represent the EV
propulsion systems with a 3-phase ac
induction motor is suggested, and a PDC
control design based on the T-S fuzzy
model is proposed. Because the number of
rules is very small, it is easy to find a
common Lyapunov matrix P, and no
relaxation methods are need. The feedback
gains K; and P can be simultaneously

determined by considering the control

design problem as a GEMP problem via
LMI constraints. Proper K; and P can be
obtained by choosing the results with
sufficiently high value of the Lyapunov
function decay-rate scaling factor .
Simulation results are used to show that the
derived LMI-based control law can
guarantee the stability and robustness of an
EV propulsion system when it is driven on

various traffic conditions.
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mator driving torque
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Fig 6, Simulation resulis for traffic condition (1) (LM}
{a) Speed command and actual speed,
(b} Speed tracking error,
() Control torgue.
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Fig 7.5imulation resulis for traffic condition (11 (LMI)
(a) Speed command and actual speed,
(b) Speed tracking error,
(¢) Control tongque.
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