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Analysis of heat transfer of a continuously
stretching plate of rolling process

Dang-Moun Tsai

Abstract

The project analysis the flow and heat transfer characteristics associated with a heated,
continuously stretching plate being cooled by a mixed convection micropolar fluids with the
coupling of conduction in the plate. The heat transfer coupled with conduction mechanisms
have a wide variety of practical applications, such as continuous casting, glass fiber
production, metal extrusion, hot rolling, manufacturing of plastic and rubber sheets and wire
drawing, ...etc. The solid-liquid interfacial temperature distribution is first developed with
heat conduction model in the plate to characterize the flow behavior of micropolar fluid.
After solving the wall temperature distribution for the effects in representing certain flow
characteristics, the conjugate heat transfer parameter is then developed to represent the
system. The surface velocity of the continuously stretching sheet was assumed to vary
according to a power-law form and can be simplified to the uniform or linear velocities. The
equations governing the mixed convection of micropolar fluid flow with heat conduction
equations in the plate and the associate corresponding boundary conditions were transferred
to dimensionless forms by using the nonsimilarity transfer method to analysis the
characteristics of flow and heat transfer. The cubic spline collocation method is employed to

obtain the detail numerical solutions of the heat transfer characteristics.

Keywords: stretching plate; micropolar fluids; mixed convection.

D. M. Tsai, Instructor Department of Mechanical Engineering, HIT.



EETURELANE TR Z BT « =&

e

i

117

k

—t

=N =[]

AL B PR TS R TR ED T 2R
EHE - RN ER TR ER S
W - ERESG -~ R - B
HRERAEBAE - BB EEE - B
Fdhdr. . S o JE R ELE T > gl
PHEIREEIHE ~ TR - BBl
L 72 P Y AR BT U ~ A
WHESBVE B R R BN E >
T RGmaEES o SRR AR
AHE RGN > KL - 5P
JEEIZ RS e

Sakiadis[ 1~3] 5 5 3f 55 S H A
BPAR A E S RE - R B RS
afi o Tsou ZE[41F]H & Bary J7 ik K g
Sakiadis[ 1~3]frg Y ERR » WEFEIHLE
By FRUERERS o Soundalgekar J
Murty[5]93- M7 — 55 3 B A RS Bl 7 )
BUBFUg R - BRI EAE
KT 53 < 11T Jacobil 6]/
RAPATIAAE » PRETER IR H 25 A
B AR B 1 I HE R R A
Prandtl ${7HS < T2 > Chen[7] £E&T
HRER AN ER AR A Al BB & E
ST PR R 75 53325 3K fp AR L S S G
FAPIRDL - Soundalgekar <5 A [8]¢H ¥ HH1H
RN G TRE) - PRETEARGIE K
BRI HISUE -

|

FITSILER 3 o PHEE A RS B Al 2 ]
’E 0 IR RS - HEES
B SRR RS o EVES AT - Al
KRR » AT > T2 LEFZ R
# S A UKL 43 i 5 8 ] Navier —
Stokes ;7 HEmAI * SEEVIRRITIL ~ Wi ~
IR ~ IBIK ~ Jel BRI REE s -
IMAE B R PRl ~ BN ~ SRR .
EHE > ELERIE PR AI - #2
HAERIFHRINRES - KL #EeLAB
s AR =N CAEEE - AITSEREREY)
HES - FIREMGEEIHsE - ©a5TF
IR HE PR HASER © Eringen[9,10]E 5%
e e B - RS
TR o i PR+ JEL SEE ) fT 5 3G 1) P B
1S | A 7 a N =~ =]
Erdogan[111F] A FIRYAEHE & - (HH
Hempe#E HNRMHBARE - 2%
Eringen[ 121752 S 28 - 11/ RF LLEHEmAT
(GEEE-C5 ¢ iThn - LSRR S1: ki GiThiTk: - 1
SRR ER] > EUFH Ariman 25 \[13,14]
T — AR B o

Soundalgekar Jz Takhar[15]53 4735
MRS B 2P MBS M 38 FE Tl S 2L E Y
[ » A4S ] HAHLL# - Grola F1 Ameri[ 16]
FIFH Eringen . S a2 Ham - ZKIHIEE
SRR S SR B B SEAATS BB 2 R
BRI - Gorla Jz Reddy[17]% &1
F R AYERES N 1 Runge-Kutta #{i




118

BY2% E+TNAH REBATA\FAA

SR e H RS Bl AR E SR T S R 2
R - Agarwal & \[18JERAT 2 ALIERS
B ARAE SRR M ) BELR 1 » I
AETRIT R AG H B - 2R - b
1 B fF 52 A0 L BR S JE ) A DL 8 46 3%
(Similarity Transform Method) & {2 4 (K]
TKACHTEAR > WA EIRE AT Y
s AN R - Yucel[19]8 AP IAE AT
Ha FP A EVE R N LAERRY - B E B
KA EEE - (EAF RIS E)
[l o

U7 > Gorla K2 Reddy[20]¥#HEHEH
H7P i - HEEER S BE R N iR
e LB G TRE) - IIPATERS » WH Ak
B B A S B H T LM oo
El-Arabawy[2 1] A /WSS SH A8 7% B
PHAE R e R 2 - BIARES 8
g SRR RO

HIRER S - {53 MT iR B B
N RS EY PR e L BE
M (BN & P A B HY 55
M o EF &[G (BVERE) KB e (2L
H) MRS S EVEEE - BIfR.C R It
EVERTE - TREMEA - WiSFT 21t
HOEME . EFIE G - 4 BacHads ~
By ~ ey ~ EE SOE RO HE -
A EAE B B e Y ~ ZAGREL ~ SARATAL . .
H% o EERRLEEME T o EEBEI R
BA R - R S i BRI

WEINLAE & -

Chida & Katto[22]F!]FH Al &AL HEE
4387 (vectorial dimensional analysis)scf5:
FI| o P BEAR M SR 228 -
Sparrow Kz Chyu[23]HIE i B AL BYE
FR% 1 BNy i R L e ERARR
i © Pozzi Jz Lupo[ 24 BV A ZE]
BRRAE AR BRI > S
T -

Char 5 A\ [25]1EH] F = KGR E &
% oA HERES B R IE A S e
o Frs AR AL EE o 552500 Chen A
Chiou[26]F] A IR 7737 » 3 HTEEE AL
BTAEIRED ~ ZAME T E R I E
R AVEE 5 RS IR PR
52 - Na[2T1PEE TR B A — iR 2= El
AN R AR - 3R B AR L EERH
7 o I Vynnycky Kz Kimura[283f—F&H
AT 3 e LA SRR B s e ) fE i
A A REIATE -

PRI > B AR B AR A
e RS B AV e - 2
G SR o SRIM - HERERSE T
IAE AR AR & B RTE | - [ S
EEL YRS E R A S BVE R - B
CLENN AN e Y o V]
A AE PR BLACAL - BAEREL - SRR
B B SR - HEE SRR




EETURELANE TR B DT © B

119

RLTHISUE - MNMER BRI - i
BE R o i LN LS BE -
—RiE - HEEEVMEHRRHE - IR
B EEEHIRR - AR RE
BBIRERCR - ATLL T R SR A
TR EVE R BT R B RS2 0 L
SIS EE T o [HEER IRIEE AR
TRENEEMEE - A AERE SRR -
PRI » ASS DS — AN A
T )y 7 ARAE B i 6 Y L 2 B
5 M5B TR » AETE I
I Rt £ R AN [ ) A ok 8 B S
e B GE - SR B TR 52
BSGESY - AR NPT TR -
L E AR SO & SRR EIREE
s @ TRV B oK & A - @
mEEEE
(micro-inertia density) 5z e Eps R E &
(spin-gradient viscosity) * FiTaEIRER
PR AR AT - HIReE F 2 LA _EAHREA
S HERRFRR BN T A EEA
W T - AET RERE B S - ¥
H REZ S RARE S ERe G AT ER -

B R
B 5 e > —HRE

( microrotation ) -~

FE b HEREIRIAIR PO A—FEX T
W - U, =Cx" o sEstaiiings - 2y

BRI K R AMUR IR 1 o o PRES

85 F AR S x B E TR RS y o
MR B EFL R - HET) g fERIfE —y
JilA) o AR R A R i e R R
W E R T, » MR EERE T,
T,=4x"+T, > BT, >T, -
LRSS M AT RE - T T AR R
S VB RV RS RE Mg T TR
AN ] BRI RIS R RE R ACR; P HH
HIEYHEEEEREE Y HERg
JeBoussinesqfias a7 « MATRAIREAS
[R5 (finite heat capacity) ° {Fia Lt
e & o syt is R B A AR = AT
FORATE ¢
ou N ov _

ox Oy
(ua—u+va—u)—( +K)@+xa—N
P ox Oy H o’ oy
+pgfp(T-T,),
2
,oj(ua—N+v8—N) =_K(2N+6_u)
ox oy oy
: 3)
+y8 N
o’
2
PLLNLCL R | @

Ox oy oy
LERBIL AR > u Ky o3RI in x My
HRRRE & p s p > a kB ooy
ARG < I~ 7R - BEEUR
HRBZIRGRE  « ~ J ey o3RI




120

BYE2% E+TNAH REBATA\FAA

MRS < TR ~ BUIE B R el e
RO - IEAL > TR - g REET)
MGEEE (F%0 - N epradEosE > K
e TEEAE (x—y) A -

HAHEE 238 YRR
fEAPARERIE (Y = 0):

u=U, =Cx", %)
v=0, (6)
ou

N:_%é;’ )
T=T,x), (®)
{EE R (Y —> 0):

u=0, 9)
N=0, (10)
T=T, (11)
o E w Koo sRIUEREER K
BEFEIME o T C B p Ry - 335 R
PR PRI B IR B T T

71 FF E AR 9 A BF (Ariman & A
[13,14]) = T R PHERE(E ~ 7))

FEo3 M - FoR S
FREA@) T 1 R PR (E -

ST HLBE x 1% > RIS T, 2 ME
i RS Z BVEE AR RS - 1

RS - (R - BB
S T
o1 Ty (12)
ox oy

ot T B SM - FIYEEE
FHIME - PO TS AEE ~ W& 1E
B o FOLE VR I o
e N2 ST

{£y=—b

T =T,(x)=Ax"+T, (13a)
fES M IHRE(y = 0)
T, =T(x0) °
kT o g, 910 (13b)
oy oy

e K KK ST RIS . 2

R M A By FHEY -

B iR IR p Z AR
% QIR AREMERE R = AT (o
Jii) EEAIE AN T24,27] > FTLAZAR
PEERE Ve AR =T AT TR (12)
F& FHBA(13) » bl AT iR fa/ AR
B 5

T (x)=T(x,0)=b fm T,
K, oy
(14)
B SR 220 SR 2P
MG AT YRR R R
% |
§=Gr§, =, p=vRe]F,
Re’
%
N:vRe; G’ QZT_Tw (15)
X Tb—Tw
A & AR L F(En)




EETURELANE TR B DT © B

121

G(&,n) MO, n) » 73 B FHER K feEi
PRI ~ SO AR © IS Re, B
Gr, 73l s il E afi(local Reynolds)dEd
Ak & B (local Grashof)# » 43HlE

T,—T)x’
Re :_wa ) er:—gﬂ( b o)X
|4 |4

(16)
FHE BRI o AT > Hoo] B B

()

uzﬁ—(o, v=—a—(p. 17)
oy ox
Rk - R TR A6 RA TR
)~ » SRR A2 AR

(1+A)F" +@FF” — pF'F’

+AG' +E0=(n+1-2p)¢ (18)
(F’a—F”—F”a—F)
FEY:
AG"+ (pTH)FG’ - (?)F’G
“ABEQG+F") = (n+1-2p)&
6T
g 0g
(19)
Lo @ Yro_nro
Pr 2
00, 0F
= (n+1-2p)E(F o 0 ag)

(20)

R RE T B R AR
Pr:% B Prandtl # ; HEERIR 28

A~ BRIA > Sr RIS < i fedh
&~ GRIEE R ISR > HE R I)
I

2
Kp-L -7 1)
u JRe V7
4% LERHERE  Gr i Grashof 84
Re /& Reynolds % > 53 RIEZATT -

A=

Lo Us o _8B0-T)L
gh(T,~T,) v?
Re = UL .
1%
(22)

TS RIVE R » © ThFTiE RE R
B FtERS T 0<e<® ;
AR E © © = OAHEIMER MRS
Vi (IER S0 ) © > © AHEHRER SIS
SRENFLZ IR - T P o AR B
sy P = VR e O s s
w P =i s - e 55
FRIB RS2 » 21 = O FS e
Tify

KIS HE 7 58 SRR (13) R (14) T it
=
En=0Jz:




122 BEER F+NE BEBATAENA
p+1 oF . 2t
PO Fra-2p)ES =0 C, ==,
( ) ) ( p)éaf 7/ oU.
G+Lpr—0: F=1: _ Ou
> 7, =|(U+K)—+KN (25)
oy -
y
_1
Q¢ 20 =0-1 30wy
{En —> o0t C,Rel> =2(1+050)F"(£0)  (26)
F'=0: G=0: =0 (23b)

. K.b o
st Q= K_fLRe% B ILHTA 2 -

N

EFHEIE - 2 QRN IFTIR
B BMEDE U ERY 5% » E Q=0 > n=0
IRf » 325 UGR(230) SRS BEIRL AR
AR ©

HEZ0(18)-(20) 5232 FHief(23) -
IRAHERT S ETRER (B A = 0)FF »
R (19)=0Es > £ =01 > HQ=0 -
p=08p=1 - A& Tsou & A
[4]~ Soundalgekar Jz Murty[5]Ei Jacobi[6]
SR G SR T AT AR S AR T
BE R -

ETAREN L A EiEE s 6,
BE TP R C , AR Nusselt # Nu,
A ME B E R - Al RIHEEATT

FEFEER IR RS o B F

g, =1n L (24)
T,-T,
53 R BETH R BRI C , B BTN S

=N

Wi LIEE

[FlfEH > DL x Bk 5 Nusselt

, -4 ~
% Nu, K,(1,-T,) 1| Fourier
et g, =—Kf[%j A AR K

y=0
BVESRES
Nu
> =-0'(5,0). 27)
Re?
2 EHEPN

HA FERPE TR (18)~(20) 5 — %
G TR - R RIS AR R B E R - 75
M —EHUE T 2D HAERERT K
i o BTN E ¥ = Kk E 1 1 (cubic
spline collocation method)f§ | 7547~ £
& > 4 : Chawla % A [29] ~ Rubin }%
Graves[30] ~ Rubin F/] Khosla[31 ~ 32] -
Wang %z Kahawita[33] &5 > s IhHEHEREIL
BE T - T E e W B SUE T (R
oy = HEE— D HEE s
Rl B AR B - $2 s T R AR
T MERERS -




EETURELANE TR B DT © B

123

A B E iy TR > £
HYEERAT Bl TR SRS R AR - P
BT U R AU — R B — ¥
AR - R - MR L
AR R E AR ~ IR R
o SR - EAARTZAVERE A = Kb
BT E AR A - A ¢ Char £
N 2512 B A 2 Bl /P AR S 24
[fi7E 5 Chiu A1 Chou[341F1] FH LS5 i
PR - AERORIPREN Y e RE S
REENVHFE o NI, = KEERUE B ]
RIS BT - H B8 AT -

At EIESRE E B H e
i o MR RIS - LERTAT IR Y B
RAHE R e
¢iy,’;1 a ¢:j

¢iy’,j max
B2 - R

[ 2 5% 71 AN [ B ol it A 22 B
BE T AR AR B s B o ER e Ao ]
T i e 2 B I - BE
PRI I < [ o h DR R ki
e 2 OB EE & e B &8 FUe ) =
J& o [N PLEE i R AR - Bt > BE
T PR RIS E S A (B A # 0 BB T5)
HREY RN o AR RS (B A = 0 BT
i) °

3 > DI R R i 2

max < 5 ><1076

SRR S E RS2 - (B TP R
FT 7R w1 > i B 22 ORI R
IRf - BEERE T E D B 2300 - BN
R ok e 2 S e e s N A
EBSUSHERE - NILBE RS & T TR
{9

AN IRt i s 22 B W i AR
-60'(£,0) s B > FRoRAEE4T - [E th R
I P 2 B i o BE A
HEREE . K - 5 RG22
B E S e G N EGE S e Y 2
BEE BRI AV AR - JLOh - BE 2L
ESRAE AT R (B A = 0 FYTE ) IR
N ARFRAEERAZ(RI A = 0 TR D) -

(ER E

RS R R R O B S R B 7
B > TR D ST S
PR o RSS2 s
B T BRI ~ DR BT R A T
FRE BRI - [FIG > FLALARAL
SRR ORI R AR - BT
O 17 B T P R R 26
BIK -

fz ~ 2ER

[1] Sakiadis B. C,

behavior on continuous solid surface: 1.

Boundary-layer

Boundary-layer equations for two

dimensional and axisymmetric flow.




124

BYE2% E+TNAH REBATA\FAA

AIChE J. 7, 26-28, 1961.
[2] Sakiadis B. C.,

behavior on continuous solid surface:

Boundary-layer

II. The boundary-layer on a continuous
flat surface. AIChE J. 7, 221-225,
1961.

[3] Sakiadis B. C.,
behavior on continuous solid surface:
III.  The
continuous cylinder surface. AIChE J.
7,467-472, 1961.

[4] Tsou F. K., Sparrow E. M. and
Goldstein R. J., Flow and heat transfer

in the boundary layer on a continuous

Boundary-layer

boundary-layer on a

moving surface. Int. J. Heat Mass
Transfer 10, 219-235, 1967.

[5] Soundalgekar V. M. and Murty T. V. R.,
Heat transfer in flow past a continuous
moving plate with variable
temperature. Warme-und
Stoffubertragung 14, 91-93, 1980.

[6] Jacobi A. M., A scale analysis approach
to the

moving sheet (backward boundary

correlation of continuous

layer) forced convection heat transfer.
ASME J. Heat Transfer 115,
1058-1061, 1993.

[7] Chen C. H., Mixed convection cooling
of a heated, continuously stretching
surface. Heat and Mass Transfer 36,
79-86, 2000.

[8] Soundalgekar V. M., Takhar H. S., Das
U. N, Deka R. K. and Sarmah A.,

Effect
boundary layer flow

of variable viscosity on

along a
continuously moving plate with
variable surface temperature. Heat and
Mass Transfer 40, 421-424, 2004.

[9] Eringen A. C., Simple microfluids, Int.
J. Eng. Sci. 2, 205-217, 1964.

[10]Eringen A. C., Theory of micropolar
fluids, J. Math. Mech. 16, 1-18, 1966.

[11]Erdogan M. E., Polar effects in the
apparent viscosity of a suspension,
Rheol. Acta 9, 434-438, 1970.

[12]Eringen A. C.,
thermomicrofluids, J. Math. Anal.
Appl. 38, 480-496, 1972.

[13]Ariman T., Turk, M. A. and Sylvester,
N. D,
mechanics - a review, Int. J. Eng. Sci.
11, 905-930, 1973.

[14]Ariman T., Turk, M. A. and Sylvester,
N. D., Applications of microntinuum

Int. J. Eng. Sci. 12,

Theory  of

Microcontinuum fluid

fluid mechanics,
273-293, 1974.

[15]Soundalgekar V. M. and Takhar, H. S.,
Flow of micropolar fluid past a
continuously moving plate, Int. J. Eng.
Sci. 21, 961-965, 1983.

[16]Gorla R. S. R. and Ameri A., Boundary
layer flow of a micropolar fluid on a
continuous moving cylinder, Acta
Mech. 57,203-214, 1985.

[17]Gorla R. S. R. and Reddy P. V., Flow

and heat transfer from a continuous




EETURELAEI R BT - RETR 125
surface in a parallel free stream of conduction with laminar natural

micropolar fluid. Int. J. Engng Sci. 25,
1243-1249, 1987.

[18]Agarwal R. S., Bhargava R. and Balaji
A. V. S., Finite element solution of
flow and heat transfer of a micropolar
fluid over a stretching sheet. Int. J.
Engng Sci. 27, 1421-1428, 1989.

[19]Yucel A., Mixed

micropolar fluid flow over a horizontal

convection in

plate with surface mass transfer. Int. J.
Engng Sci. 27, 1593-1602, 1989.
[20]Gorla R. S. R. and Reddy P. V.,
Combined forced and free convection
in micropolar boundary layer flow on
a continuous moving flat plate, Int. J.
Eng. Fluid Mech. 5, 559-570, 1992.
[21]El-Arabawy H. A. M., Effect of
suction/injection on the flow of a
micropolar fluid past a continuously
moving plate in the presence of
radiation. Int. J. Heat and Mass
Transfer 46, 1471-1477, 2003.
[22]Chida K. and Katto Y., Study on
conjugate heat transfer by vectorial
dimensional analysis, Int. J. Heat Mass
Transfer 19, 453-460, 1976.
[23]Sparrow E. M. and Chyu M. K.,
Conjugated forced convection -
conduction analysis of heat transfer in
a plate fin, ASME, J. Heat Transfer
104, 204-206, 1982.
[24]Pozzi A. and Lupo M., The coupling of

convection along a flat plate, Int. J.
Heat Mass Transfer 31, 1807-1814,
1988.

[25]Char M. 1., Chen C. K. and Cleaver J.
W., Conjugate forced convection heat
transfer from a continuous, moving
flat sheet, Int. J. Heat Fluid Flow 11,
257-261, 1990.

[26]Chen C. H. and Chiou J. S., Conjugate
free convection heat transfer analysis
of a vertical plate fin embedded in
non-darcian porous media, Int. J. Eng.
Sci. 32,1703-1716, 1994.

[27]Na T. Y., Effect of wall conduction on
natural convection over a vertical
slender hollow circular cylinder, Appl.
Sci. Res. 54, 39-50, 1995.

[28]Vynnycky M.
Conjugate free convection due to a
heated vertical plate, Int. J. Heat Mass
Transfer 39, 1067-1080, 1996.

[29]Chawla, T. C. Leaf, G. Chen, W. L.,
and Grolmes, M. A., The application
of the

hermite cubic

and Kimura S,

collocation method using
spline to nonlinear
transient one-dimensional heat
conduction problem, ASME, J. Heat
Transfer 97, 562-569, 1975.
[30]Rubin, S. G. and Graves, R. A.,
Viscous flow solution with a cubic
spline  approximation,
Fluids 3, 1-36, 1975.

Comput.




126

f

V2% ETAH REBATA\FAA

[31]JRubin, G. S. and Khosla, P. K.,
Higher-order  numerical  solutions
using cubic splines, AIAA J., 14,
851-858, 1976.

[32]Rubin, G. S. and Khosla, P. K,
Polynomial interpolation methods for
viscous flow calculation, J. Comput.
Phys. 24, 217-244, 1977.

[33]Wang, P. and Kahawita, R., Numerical
integration of partial differential
equations using cubic splines, Int. J.
Comput. Math. 13, 271-286, 1983.

[33]Chiu, C. P. and Chou, H. M., Free
convection in the boundary layer flow
of a micropolar fluid along a vertical
wavy surface, Acta Mech. 101,
161-174, 1993.

[34]Chiu, C. P. and Chou, H. M., Transient
analysis of natural convection along a
vertical wavy surface in micropolar
fluids, Int. J. Eng. Sci. 32, 19-33,
1994.




EETURELANE TR B DT © B

127

Micropolar

T,  fluids
g

‘© P x
r

~ N > U, =Cx’
T, = Ax" +T,

[ 1 PR

1.00

Pr=0.7,Q0=02
B = 0.0 ( Newtonian fluid )

0.82 —

1.0
FEo _ 

0.46 —*

0.28 : T T T T
0.20 0.40 0.60 0.80

(2 i e 22 AT B T PR R B R 2

0.35

0.32

-0'€,0)

0.29

0.26

0.23

[&3 ok

0.40
7 A=05
0.31 —
——w
G'(,0
(50) 0.22 _*
T 5.0
0.13 —
10.0
Pr=0.7,0=02
0.04 T T T T T
0.20 0.40 0.60 0.80
£
> IS

ST BE R T DR

Pr=0.7,0=0.2

( Newtonian fluid )

T
0.20

I
0.40

T I T
0.60 0.80
g

(4 Do he 22 BOA Rl BVELR A 2




128 BFEm £+ hi BREALT/\FENAB




